Abstract. This paper establishes uniform bounds in characteristic p rings which are either F-finite or essentially of finite type over an excellent local ring. These uniform bounds are then used to show that the Hilbert-Kunz length functions and the normalized Frobenius splitting numbers defined on the Spectrum of a ring converge uniformly to their limits, namely the Hilbert-Kunz multiplicity function and the F-signature function. From this we establish that the F-signature function is lower semi-continuous. Lower semi-continuity of the F-signature of a pair is also established. We also give a new proof of the upper semi-continuity of Hilbert-Kunz multiplicity, which was originally proven by Ilya Smirnov.
Introduction
Throughout this paper all rings are assumed to be commutative, Noetherian, with identity, and of prime characteristic p. We shall reserve q to denote a power of p, i.e., q = p e for some nonnegative integer e, and λ(−) denotes the standard length function.
If (R, m) is a local ring of dimension d, M a finitely generated R-module, and I an mprimary ideal of R, then the qth Hilbert-Kunz length of M at I is given by Paul Monsky showed this limit always exists in [13] .
We say that a ring R is F-finite if the Frobenius endomorphism F : R → R which maps r → r p makes R a finite R-module. This is equivalent to R being module finite over F e (R) for all e ≥ 1, and when R is reduced this is equivalent to R 1/q being module finite over R for all q. If R is an F-finite ring, then so is any finitely generated algebra and localization over R. If (R, m, k) is local then we let α(R) = log p [k 1/p : k]. If R is not necessarily local and P ∈ Spec (R), then we let α(P ) = α(R P ).
In this paper we will be interested in uniform properties of Hilbert-Kunz functions over F-finite rings and rings essentially of finite type over an excellent local ring. For the sake of simplicity, assume that I = m and M = R. Then not only does [q] R) ≤ Cq d . Now suppose that R is a not necessarily local characteristic p ring. Then for each P ∈ Spec (R) there exits a constant C > 0 such that for each q, λ(R P /P
[q] R P ) ≤ Cq ht (P ) . This particular result is not very interesting since the constant C depends upon P and is easily obtained from well known results about Hilbert-Kunz length functions. Recently, I. Smirnov showed, if R is an excellent ring of 2010 Mathematics Subject Classification. 13A35, 13D40, 13F40, 14B05 1 characteristic p, that for each P ∈ Spec (R) there exists a constant C and element s ∈ R − P such that for all Q ∈ D(s) ∩ V (P ), λ R Q (R Q /Q
[q] R Q ) ≤ Cq ht (Q) (see Lemma 14 in [14] ). We significantly improve this result in Proposition 3.3 and Proposition 4.3 for rings which are either F-finite or are essentially of finite type over an excellent local ring, both of which are large classes of excellent rings. A consequence of Proposition 3.3 and Proposition 4.3 is that, if R is F-finite or essentially of finite type over an excellent local ring, then there exists a constant C such that for all P ∈ Spec (R), λ(R P /P
[q] R P ) ≤ Cq ht (P ) .
A map of primary ideals is a map I(−) : Spec (R) → {Ideals of R} such that for each P ∈ Spec (R), I(P )R P is a P R P -primary. If M is a finitely generated R-module then we shall denote by λ M q 1 (I(−)), or simply λ q 1 (I(−)), if M is understood, to be the function from the support of M, which we denote Supp (M), to the real numbers R, which maps a prime P → 1 q dim(M P ) 1 λ(M P /I(P )
[q 1 ] M P ). We denote by e HK (I(−), M − ) the function which sends a prime P ∈ Supp (M) to e HK (I(P ), M P ).
Let R, M, and I(−) be as above. Then it is easy to see that λ q 1 (I(−)) converges pointwise to e HK (I(−), M − ) as q 1 → ∞. Theorem 5.1 states that if R is an F-finite ring or essentially of finite type over an excellent local ring, M is a finitely generated R-module, and I(−) a map of primary ideals, then λ as q 1 → ∞. In particular, if M = R and I(P ) = P , then the qth Hilbert-Kunz function, which sends a prime P → λ(R P /P
[q] R P ), converges uniformly to the Hilbert-Kunz multiplicity function, which sends a prime P → e HK (R P ). In order to prove this we will need to establish some uniform bounds in F-finite rings and in rings essentially of finite type over an excellent local ring. Some of the uniform bounds established in Section 3 and Section 4 of this paper are related to, but are often improvements of, uniform bounds in Section 3 of [14] , which establishes the upper semi-continuity of Hilbert-Kunz multiplicity, and Section 3 of [15] , which shows that the F-signature of a local ring exists.
I. Smirnov has recently shown in [14] that e HK (R − ) is upper semi-continuous on locally equidimensional rings which are F-finite or essentially of finite type over an excellent local ring. In showing that the Hilbert-Kunz multiplicity function is the uniform limit of upper semi-continuous functions on such rings, we easily recover Smirnov's result. It is still unknown if Hilbert-Kunz multiplicity is upper semi-continuous on an excellent locally equidimensional ring.
Another interesting invariant defined on a local ring (R, m) of characteristic p is the Fsignature of R, defined originally in [10] , by Huneke and Leuschke. For any module M and any q = p e , we can view M as an R-module via restriction of scalars under F e which we denote by F q * M. In particular if R is F-finite and M = R, then F q * R is a module finite Rmodule and we can write F q * R ≃ R aq ⊕ M q where M q has no free R-summand. The number a q is called the qth Frobenius splitting number of R. We denote by b q = aα(R) . The number s q := aα(R)+dim(R) is called the qth normalized Frobenius splitting number of R. Yao showed there is a way to measure b q , in way that is well defined even for rings which are not F-finite, hence one can define the qth normalized Frobenius splitting number for a ring which is not F-finite ( [16] , Lemma 2.1). Huneke and Leuschke defined the F-signature of a local ring of dimension d to be the limit lim q→ bd , provided the limit exists. Kevin Tucker showed in [15] that the F-signature of a local ring always exists.
If R is an F-finite ring, which is not necessarily local, then define the qth Frobenius splitting number function a q : Spec (R) → R by letting a q (P ) be the qth Frobenius splitting number of the local ring R P . If R is any characteristic p ring, then define the qth normalized Frobenius splitting number function s q : Spec (R) → R by letting s q (P ) be the qth normalized Frobenius splitting number of the local ring R P . We let b q (P ) = q ht (P ) s q (P ) and we let s : Spec (R) → R be the F-signature function which sends a prime P → s(R P ), the F-signature of the local ring R P .
The problem of whether the F-signature function is a lower semi-continuous function with respect to the Zariski topology has been of interest for quite some time. Recall that a function f : X → R, where X is a topological space, is lower semi-continuous at x ∈ X if for all ǫ > 0, there is an open neighborhood U of x such that f (x) − f (y) < ǫ for all y ∈ U. In other words, a function f is lower semi-continuous at x if in a small enough open neighborhood of x the numbers f (y) as y varies in the open neighborhood of x can only be slightly smaller than f (x). We would like to briefly explain why it has been suspected that the F-signature function should satisfy this property.
The F-signature detects subtle information about the severity of the singularity of a local ring. Given a local ring (R, m), it always the case that 0 ≤ s(R) ≤ 1. Huneke and Leuschke showed in [10] that s(R) = 1 if and only if R is a regular local ring. Aberbach and Leuschke showed in [1] that s(R) > 0 if and only if R is strongly F-regular. Heuristically, the closer to 1 the F-signature of R is the "nicer" the singularity is, and the closer to 0 the "worse" the singularity is. One expects that given a ring or a scheme with decent geometric properties, that the severity of a singularity of a point is controlled in an open neighborhood of that point. This is exactly what we should expect the F-signature function defined on the spectrum of a "decent" ring, e.g. and excellent domain, to do. Given a prime P in the spectrum of such a ring, we expect that in a small enough open neighborhood of the prime, that the singularities found in that open neighborhood are not too much worse then the singularity associated with P . Thus we should expect than in a small enough open neighborhood U of P that s(Q) is at most ǫ closer to 0, which is precisely what lower semi-continuity of the F-signature would say.
Another reason to expect the F-signature function to be lower semi-continuous is that Enescu and Yao showed in [5] that under mild conditions, the qth normalized Frobenius splitting number function is a lower semicontinuous functions. For example, they showed that if R is a domain which is either F-finite or essentially of finite type over an excellent local ring, then the qth normalized Frobenius number function is lower semi-continuous. So after Kevin Tucker showed the F-signature to always exist, it has been known that the F-signature function naturally arrises as the limit of lower semi-continuous functions.
Some light has been previously shed on the lower semi-continuity of the F-signature problem. Blickle, Schwede, and Tucker showed that if R is a regular and not necessarily local F-finite ring with 0 = f ∈ R and t ≥ 0, then the function Spec (R) → R defined by P → s(R P , f t ) is lower semi-continuous. See [3] for more details. The results in section 6 in this paper recapture Blickle, Schewede, and Tucker's result. Theorem 5.6 proves that if R is either F-finite or is essentially of finite type over an excellent local ring, then the qth normalized Frobenius splitting number functions converge uniformly to the F-signature function as q → ∞. It will then follow by Enescu's and Yao's work, [5] , that the F-signature function will be lower semi-continuous on all such rings. Kevin Tucker has independently found, and discussed with the author, an alternative proof of the lower semi-continuity of the F-signature.
The paper is organized as follows. In section 2 we establish some preliminary results. In particular, section 2 contains a generalized version of a Lemma of Sankar Dutta which is crucial to the bounds given in section 3. Section 3 establishes uniform bounds of Hilbert-Kunz length functions in F-finite rings. Section 3 is the most difficult section to work through, but the bounds that are established lead to a proof that the F-signature function is lower semi-continuous on F-finite rings and rings essentially of finite type over an excellent local ring. Section 4 establishes the bounds in 3 for rings which are essentially of finite type over an excellent local ring. In Section 5 we apply the results of section 3 and 4 to establish the uniform convergence of Hilbert-Kunz length functions and normalized Frobenius splitting numbers to their limits. In Section 6 lower semi-continuity of the F-signature of a pair, (R, D), is established for all Cartier subalgebras D on an F-finite ring R.
Preliminary Results
If R is an F-finite ring which is locally equidimensional, then it was originally shown by E. Kunz in [11] that the function Spec (R) → R which sends P → α(P ) + ht (P ) is constant on connected components of Spec (R). In particular, if R is an F-finite domain then α(P ) + ht (P ) is constant on Spec (R). If R is an F-finite domain then we let γ(R) be the constant α(P ) + ht (P ).
We will need a global version of a Lemma, first proved by Sankar Dutta, in order to establish the uniform bounds found in Section 3 and 4. In [4] , Sankar Dutta showed that if (R, m) is an F-finite local domain of dimension d then there exists a finite set of nonzero primes S(R) and a constant C such that for all q = p e there is a containment of R-modules R q γ(R) ⊆ R 1/q which has a prime filtration whose prime factors are isomorphic to R/P , where P ∈ S(R), and such a prime factor appears no more than Cq γ(R) times in the filtration. In particular, the length of the prime filtration of R q γ(R) ⊆ R 1/q has length no more than C|S(R)|q γ(R) . This result, for local domains whose residue field is perfect, is exercise 10.4 in [9] , whose proof is given in the second appendix by Karen Smith, and this result is explicitly stated and proved in [8] as Lemma 4.
Remark 2.1. If R is an F-finite domain and P ∈ Spec (R) a nonzero prime, then γ(R/P ) = log p [
Lemma 2.2. Let R be an F-finite domain. Then there exists a finite set of nonzero primes S(R), and a constant C, such that for every q = p e ,
(1) there is a containment of R-modules R q γ(R) ⊆ R 1/q , (2) which has a prime filtration whose prime factors are isomorphic to R/P , where P ∈ S(R), (3) and for each P ∈ S(R), the prime factor R/P appears no more than Cq γ(R) times in the prime filtration of the containment
Proof. We shall prove the statement by induction on the Krull dimension of R. If the dimension R is 0, then R is a field and the Lemma is trivial. Now suppose that dim(R) > 0. Then R 1/p is a torsion-free R-module of rank p γ(R) . Hence there is an injection of R-modules R p γ(R) ⊆ R 1/p so that the support of the cokernel R 1/p /R p γ(R) consists of nonzero primes. Therefore R p γ(R) ⊆ R 1/p has a prime filtration of the following form with the quotients M i /M i−1 = R/P i where P i is a nonminimal prime of R,
The quotients R/P i are F-finite domains of smaller Krull dimension than R, and so we may assume by induction that the result holds for each R/P i , with finite collection of primes S(R/P i ) and constant
Observe that the above filtration shows that R p γ(R) ⊆ R 1/p has a prime filtration consisting of no more than C ′ quotients isomorphic to R/P for each P ∈ S(R) and all prime factors are isomorphic to R/P for some P ∈ S(R). We shall show by induction that R q γ(R) ⊆ R 1/q has a prime filtration whose prime factors are isomorphic to R/P with P ∈ S(R) with no more than
) quotients isomorphic to R/P for each P ∈ S(R).
whose prime factors are isomorphic to R/P with P ∈ S(R) with no more than
) quotients isomorphic to R/P for each P ∈ S(R). Take qth roots of the modules in the filtration R p γ(R) ⊆ R 1/p to get the following new filtration,
Each of the quotients
with precisely q γ(R) prime factors isomorphic to R/P i and each other prime factor is isomorphic to R/P for some P ∈ S(R/P i ) and such a prime factor appears no more than C i q γ(R/P i ) times in the filtration. Furthermore, the prime filtration
has a prime filtration with prime factors isomorphic to R/P with P ∈ S(R) and such a prime factor appears no more than
Putting the above information together we get that there is an embedding of R (pq) γ(R) ⊆ R 1/pq with prime filtration whose prime factors are isomorphic to R/P with P ∈ S(R) and there are no more than the following number of quotients isomorphic to R/P for each P ∈ S(R):
By Remark 2.1 we know that each γ(R/P i ) ≤ γ(R) − 1, and so we have the following estimates,
Each of the sums 1 +
It now follows by induction that for every q, that the containment R q γ(R) ⊆ R 1/q will have a prime filtration whose factors are isomorphic to R/P for some P ∈ S(R) with no more than
quotients isomorphic to R/P for each P ∈ S(R).
We will find it useful in Section 3 to have a version of Dutta's Lemma with the inclusion of R q γ(R) ⊆ R 1/q reversed.
Corollary 2.3. Let R be an F-finite domain. Then there exists a finite set of nonzero primes S(R), and a constant C, such that for every q = p e ,
(1) there is a containment of R-modules R 1/q ⊆ R q γ(R) , (2) which has a prime filtration whose prime factors are isomorphic to R/P , where P ∈ S(R), (3) and for each P ∈ S(R), the prime factor R/P appears no more than Cq γ(R) times in the prime filtration of the containment
so that the support of the cokernel R p γ(R) /R 1/p consists of nonzero primes. Therefore there is prime filtration
We let S(R/P i ) and constant C i be the collection of primes and constant as described in Lemma 2.2 for the F-finite domain R/P i . As in the proof of Lemma 2.2 we let C ′ = C i and S(M) = (S(R/P i ) ∪ {P i }). Furthermore, once again as in Lemma 2.2, we can show by induction that R 1/q ⊆ R q γ(R) has a prime filtration whose prime factors are isomorphic to R/P with P ∈ S(M) with no more than
) quotients isomorphic to R/P for each P ∈ S(R). The
shows the induction step when q = p.
and such a prime factor appears no more than
has a prime filtration with prime factors R/P j with P j ∈ S(R) and such a prime factor appears no mare than
) times in the filtration. Furthermore, the prime filtration
gives the following filtration of
1/q , we apply Lemma 2.2 to know there is a prime filtration of
whose prime factors come from S(R/P i ) and such a prime factor appears no more than C i q γ(R/P i ) ≤ C ′ q γ(R)−1 times in the filtration. Putting all of this information together we get an embedding R 1/pq ⊆ R (pq) γ(R) with a prime filtration whose prime factors come from S(R) and such a prime factor appears no more than the following number in the filtration,
We combine of Lemma 2.2 and Corollary 2.3 into a single statement for convenience.
Corollary 2.4. Let R be an F-finite domain. There exists a finite set of nonzero primes S(R) and a constant C such that for every q = p e , there is a containment of R-modules R 1/q ⊆ R q γ(R) and R q γ(R) ⊆ R 1/q which each has a prime filtration whose prime factors are isomorphic to R/P , where P ∈ S(R), and such a prime factor appears no more than Cq γ(R) times in the filtration.
We shall need the following two well know lemmas, whose proofs are given for the sake of completion.
Lemma 2.5. Let (R, m, k) be an F-finite reduced local ring and let I be an m-primary ideal.
Proof. Consider a prime filtration of
Then by taking qth roots we get a filtration
Lemma 2.6. Let (R, m, k) be a local characteristic p ring, I be an m-primary ideal, and M a finitely generated R-module. Then
e HK (I, M). Proof. We only have to observe that
e HK (I, M).
Uniform Bounds in F-Finite Rings
The goal of this section is to establish uniform bounds in not necessarily local F-finite rings. The purpose of establishing these uniform bounds is to better understand the global behavior of relative Hilbert-Kunz length functions, which can then be used to establish the lower semi-continuity of the F-signature.
Remark 3.1. If (R, m) is a local ring, an m-primary pair of ideals will be a containment of ideals of R, I ⊆ J, such that I is m-primary. Observe that either J is also m-primary or is R itself. If I ⊆ J is an m-primary pair of ideals, then there is an ascending chain of ideals
Lemma 3.2. Let (R, m) be a local ring of characteristic p and M a finitely generated Rmodule. If I ⊆ J is an m-primary pair of ideals, then λ(
i−1 M), hence it is enough to show that if I is m-primary and u ∈ (I : m), then λ((I, u)
Proposition 3.3. Let R be an F-finite ring and M a finitely generated R-module. There exists a constant C > 0 such that for all P ∈ Spec (R) and q = p e , if IR P ⊆ JR P is a P R P -primary pair of ideals, then
Proof. By Lemma 3.2 we only need to find a constant C such that for all P ∈ Spec (R) and all q, λ(
. This reduces the Proposition to showing that if R is an F-finite domain, then there is a constant C such that for all P ∈ Spec (R), λ(R P /P
Suppose that R is an F-finite domain. Let S(R) be the finite set of primes given by Proposition 2.2 for the R-module R, and suppose that P ∈ Spec (R). By Lemma 2.5,
for some C that does not depend on P . From the short exact sequence,
we have that,
. Therefore we only need to find a constant C, independent of P , such that
Before localizing at P we can apply Proposition 2.2 to know that there exists a filtration of
′ is completely independent of P , and each N i /N i−1 ≃ R/P i for some P i ∈ S(R). For convenience let M i = (N i ) P . Localizing at P and adding P R
It now follows that λ(R 1/q
Corollary 3.4. Let R be an F-finite ring, N, M two finitely generated R-modules which are isomorphic at minimal primes of R. Then there is a constant C such that for all P ∈ Spec (R) and q = p e , if IR P ⊆ JR P is a P R P -primary pair of ideals, then
Proof. Using the notation in Remark 3.1 and applying the triangle inequality
Thus we may reduce ourselves to the scenario that J = (I, u) where u ∈ (I : P ). There
there is induced map
whose cokernel, say (T ′ 1 ) P is naturally the homomorphic image of (T 1 ) P . Thus we have the following commutative diagram.
A similar argument applied to the exact sequence N → M → T 2 → 0 implies that
The Corollary now follows by Proposition 3.3.
Corollary 3.5. Let R be an F-finite ring and 0 → M ′ → M → M ′′ → 0 a short exact sequence of finitely generated R-modules. There exists a constant C such that for all P ∈ Spec (R) and q = p e , if IR P ⊆ JR P is a P R P -primary pair of ideals, then
. Therefore we can begin by replacing R with R/Ann R M so that ht
′′ at minimal primes of R and we can apply Corollary 3.4. Suppose R is not reduced. Using a standard argument, we can reduce to the scenario that R is reduced. See for example the proofs of Lemma 1.5 in [13] and Proposition 3.11 in [8] . Let e 0 be a large enough integer so that for q 0 = p e 0 , √ 0
Frobenius endomorphism. Then F e 0 (R) is abstractly isomorphic to the reduced ring R/ √ 0 and R is module finite over F e 0 (R). Then for all P ∈ Spec (R) and IR P ⊆ P R P which is P R P -primary, 1
Theorem 3.6. Let R be an F-finite ring and M a finitely generated R-module. There exists a constant C such that for all P ∈ Spec (R), for all q 1 , q 2 , if IR P ⊆ JR P is a P R P -primary pair of ideals, then
Proof. As in the proof of Corollary 3.5, we may replace R by R/Ann R M so that dim(M P ) = ht P for all P ∈ Spec (R). If there is a short exact sequence
Where
By Corollary 3.5 there is a constant C such that A 1 ≤ Cq
. Therefore by considering a prime filtration of the module M, we can reduce proving the theorem to the scenario that M = R/P for some prime P ∈ Spec (R), i.e., we may assume that M = R is an F-finite domain. Observe that by Lemma 2.5,
. Therefore the theorem is now reduced to showing that there is a constant C independent of P, I, J, q 1 , q 2 such that
As in the proof of Corollary 3.4 we can further reduce to the scenario that J = (I, u) where u ∈ (I : P ).
Let C, S(R) be as in Lemma 2.4 with corresponding inclusions of R-modules R
and R q γ(R) → R 1/q whose cokernels are T 1 (q) and T 2 (q) respectively. So there are exact sequences 0 → R 1/q → R q γ(R) → T 1 (q) → 0 and 0 → R q γ(R) → R 1/q → T 2 (q) → 0 so that both T 1 (q) and T 2 (q) have a prime filtration whose prime factors are isomorphic to R/Q where Q ∈ S(R) and such a prime factor appears no more than Cq γ(R) times in the filtration. As in the proof of Corollary 3.4 there will be the following commutative diagrams 11 with all vertical maps being surjective.
Furthermore, T ′ i (q 2 ) P will be the homomorphic image of
For each i = 1, 2, λ
We can now apply Proposition 3.3 to know that the desired bound exists.
Uniform Bounds in Rings Essentially of Finite Type Over an Excellent Local Ring
The purpose of this section is to establish Proposition 3.3 and Theorem 3.6 for rings which are essentially of finite type over an excellent local ring. The following well known Lemma shall allow us to reduce our considerations to rings which are essentially of finite type over a complete local ring.
Lemma 4.1. Let R → S be a faithfully flat homomorphism of characteristic p Noetherian rings with regular fibers. Let M be a finitely generated R-module, P ∈ Spec (R) and IR P an P R P -primary ideal. Then
where Q is a prime of S lying over P and x is a regular system of parameters for S Q /P S Q .
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Proof. The first thing to observe is that
. Since R P → S Q is flat and S Q /P S Q is regular, we have that
Dividing both sides of the equation by q ht (Q) gives the desired result.
Suppose that R is essentially of finite type over the excellent local ring A. LetÂ denote the completion of A with respect to its maximal ideal. Then R →Â ⊗ A R is a faithfully flat homomorphism with regular fibers ( [12] , Section 33, Lemma 4). This observation and Lemma 4.1 allow us to reduce proving statements about rings essentially of finite type over an excellent local ring to rings which are essentially of finite type over a complete local ring.
If R is essentially of finite type over a complete local ring A, then let Λ be a p-base of the residue field of A. We shall let Γ be a cofinite subset of Λ. For each such Γ there is an associated R-algebra, R Γ , which satisfies the following.
Theorem 4.2 ([7]
, Section 6). Let R be a characteristic p ring essentially of finite type over a complete local ring. Then for each Γ ≤ Λ, R Γ is a faithfully flat, purely inseparable, F-finite R-algebra.
To say that R → R Γ is purely inseparable is to say that for each s ∈ R Γ , there exists an n ∈ N such that s n ∈ R. From this it follows that the induced map Spec (R Γ ) → Spec (R) is a homeomorphism. The inverse map sends a prime P ∈ Spec (R) to √ P R Γ . If P ∈ Spec (R) we shall let
If R is essentially of finite type over a complete local ring, then for each Γ we have that
If R is essentially of finite type over an excellent local ring A, then Γ shall represent a cofinite subset of a p-base for a coefficient field ofÂ. If R is essentially of finite type over a complete local ring and M a finitely generated R-module, then we let
Proposition 4.3. Let R be essentially of finite type over an excellent local ring and let M be a finitely generated R-module. There exists a constant C > 0 such that for all P ∈ Spec (R) and q = p e , if IR P ⊆ JR P is a P R P -primary pair of ideals, then
Proof. By Lemma 4.1 and the remarks that follow, we may reduce to the scenario that R is essentially of finite type over a complete local ring. Choose any Γ. Then for each P ∈ Spec (R) one sees that by tensoring a prime filtration of
We can now apply Proposition 3.3 to the F-finite ring R Γ so that we know there exists a constant C such that for all P ∈ Spec (R) and for all q,
Theorem 4.4. Let R be essentially of finite type over an excellent local ring and let M be a finitely generated R-module. There exists a constant C such that for all P ∈ Spec (R), for all q 1 , q 2 , if IR P ⊆ JR P is a P R P -primary pair of ideals, then
Proof. The proof of this Theorem is identical to the proof of Proposition 4.3. Lemma 4.1 allows us to reduce to the scenario that R is essentially of finite type over an excellent local ring. Pick a Γ and let C be as in Theorem 3.6 for the F-finite ring R Γ , then
Uniform Convergence and Continuity Results
Theorem 5.1. Let R be either F-finite or essentially of finite type over an excellent local ring and let M be a finitely generated R-module. Let I(−) be a map of primary ideals. The sequence of functions
: Supp (M) → R, which sends a prime P ∈ Supp (M)
, converges uniformly to the scaled Hilbert-Kunz multiplicity function
, which sends a prime P ∈ Supp (M) to e HK (I(P ),M P ) λ(R P /I(P )R P )
as q 1 → ∞.
Proof. Given ǫ > 0, our goal is to show that there exists a q ′ such that for all P ∈ Supp (M) and for all q 1 ≥ q ′ , |
e HK (I(P ), M P )| < ǫ. After modding out R by Ann R M, it follows by Theorems 3.6 and 4.4 that there exists a constant C > 0 such that, for all P ∈ Supp (M) and for all q 1 , q 2 ,
Dividing both sides of the inequality by q
, letting q 2 → ∞, and applying Lemma 2.6, gives that for all P ∈ Supp (M) and for all q 1 ,
Choose q ′ large enough that C q ′ < ǫ and let q 1 ≥ q ′ . Dividing the above inequality by
λ(R P /I(P )R P ) gives that for all P ∈ Supp (M) and all q 1 ,
Let n ∈ N and set f n (P ) =
where q 1 = p n and let f be the limit function f (P ) = e HK (I(P ), M P ). What Theorem 5.1 is saying is that there exists a strictly positive function g : Spec (R) → R, namely g(P ) = 1 λ(R P /I(P )R P )
, which does not depend on n, such that gf n converges uniformly to the function gf . If there exists a δ > 0 such that for all P ∈ Spec (R) g(P ) ≥ δ, then f n converges uniformly to f . To see this we can choose n so large so that for all |gf n − gf | < ǫδ. Then |f n − f | < ǫδ/g ≤ ǫδ/δ = ǫ. Using this observation we obtain the following Corollary to Theorem 5.1.
Corollary 5.2. Let R be an F-finite ring of prime characteristic p > 0 and let M be a finitely generated R-module. Let I(−) be a map of primary ideals. Suppose that there exists a q such that P
[q] ⊆ I(P ) for all P ∈ Supp (M), or more generally there exists a constant D such that λ(R P /I(P )R P ) ≤ D for all P ∈ Supp (M). Then the sequence of functions λ q 1 (I(−)) : Supp (M) → R, which sends a prime P to
uniformly to the Hilbert-Kunz multiplicity function e HK (I(−), M − ), which sends a prime P to e HK (I(P ), M P ).
Proof. By the above remarks we only need to find δ > 0 such that for all P ∈ Supp (M), 1 λ(R P /I(P )R P ) ≥ δ, or equivalently that there exists a D such that for all P ∈ Supp (M), λ(R P /I(P )R P ) ≤ D. We are assuming that for each P ∈ Spec (R) that P
[q] ⊆ I(P )
Corollary 5.2 gives an alternative proof of Smirnov's result that if R is F-finite or essentially of finite type over an excellent local ring, then e HK (−) is upper semi-continuous at primes P such that R P is equidimensional.
Corollary 5.3. Let R be either F-finite or essentially of finite type over an excellent local ring, then the Hilbert-Kunz function e HK (−) : Spec (R) → R ≥1 which sends a prime P → e HK (R P ) is upper semi-continuous at all P ∈ Spec (R) such that R P is equidimensional.
Proof. Consider the map of primary ideals I(−) which sends a prime P to P . Then P [1] = P ⊆ I(P ) for each P ∈ Spec (R). Corollary 5.2 says that λ q 1 (−) converges uniformly to e HK (−). E. Kunz originally showed in [11] that for each q 1 the function λ q 1 (−) which sends a prime P → 1 q ht (P ) λ(R P /P
[q] R P ), is upper semi-continuous on all rings which are locally equidimensional. If R P is equidimensional, then R being catenary implies that there is an s ∈ R − P such that R s is locally equidimensional. The s which works is 1 if min(R P ) = min(R). If min(R P ) min(R), then just choose s ∈ ∩ Q∈M in(R)−min(R P ) Q \ P . Therefore, if R P is equidimensional, then in an open neighborhood of P , e HK (−) is the uniform limit of upper semi-continuous functions, hence e HK (−) is upper semi-continuous as well.
Lemma 5.4. Let (R, m, k) be an excellent reduced local ring of dimension d. Let q 1 , q 2 equal p e 1 and p e 2 respectively and b
where s q 1 and s q 1 q 2 are the q 1 th and q 1 q 2 th normalized Frobenius splitting numbers of R respectively. Then there is an irreducible m-primary ideal I and u ∈ (I : m) such that
Proof. Let I e = {r ∈ R | F e * r⊗u = 0 in F e * R⊗ R E R (k)} where u generates the socle of E R (k). Then b q = λ(R/I e ), ([16] , Remark 2.3). Since R is reduced and excellent, R is approximately Gorenstein ( [6] , Theorem 1.7). So there exists a descending chain of irreducible m-primary ideals {I t } t∈N which is cofinal with {m t } t∈N . Let u t generate the socle mod I t . Then
Theorem 5.5. Let R be either F-finite or essentially of finite type over an excellent local ring. There exists a constant C such that, for all P ∈ Spec (R), and for all q 1 , q 2 ,
Proof. It is well known that if b q (P ) > 0 for some, equivalently for all, q, then R P is a reduced ring. Therefore C = 0 is a constant which works for all P ∈ Spec (R) such that R P is not reduced. If R P is reduced there exists an s ∈ R − P such that R s is reduced. Therefore by quasi-compactness of Spec (R), we may reduce our considerations to when R is a reduced ring. The Theorem now follows by Lemma 5.4, Theorem 3.6, and Theorem 4.4.
Theorem 5.6. Let R be either F-finite or essentially of finite type over an excellent local ring.
The qth normalized Frobenius splitting number function, which maps a prime P → s q (P ), converges uniformly to the F-signature function, which maps a prime P → s(R P ) as q → ∞.
Proof. Let ǫ > 0, let C be as in Theorem 5.5, and choose q so large that C q < ǫ. Then for all P ∈ Spec (R) we have that
Letting q 2 → ∞ we have that for all P ∈ Spec (R) that
Hence for all q 1 ≥ q and all P ∈ Spec (R),
This verifies that bq(P ) q ht (P ) = s q (P ) converges uniformly to s(R P ) as q → ∞.
Theorem 5.7. Let R be either F-finite or essentially of finite type over an excellent local ring. The F-signature function on Spec (R) is lower semi-continuous.
Proof. Let ǫ > 0 and let P ∈ Spec (R). If s(R P ) = 0 then it is the case that for all Q ∈ Spec (R), that s(R P ) − s(R Q ) ≤ 0 < ǫ. Now suppose that s(R P ) > 0. Aberbach and Leuschke showed in [1] , along with Tucker's proof of the existence of s(R P ) in [15] , that s(R P ) > 0 if and only if R P is strongly F-regular. In particular we have that R P is a domain. There then exists an s ∈ R − P such that R s is a domain. Enescu and Yao showed in [5] that if S is a locally equidimensional ring which is either F-finite or essentially of finite type over an excellent local ring, then the qth normalized Frobenius splitting number function is lower semi-continuous on Spec (S). By Theorem 5.4, we have that in a neighborhood of P , the F-signature function is the uniform limit of lower semi-continuous functions, hence itself is lower semi-continuous at P .
Observe that Theorem 5.6 applied to the maximal ideal of an excellent local ring (R, m, k) directly shows the sequence bdim(R) is a Cauchy sequence.
Lower Semi-Continuity of F-signature of Pairs
In this section all rings under consideration will be F-finite. We want to establish the lower semi-continuity of the F-signature of a pair (R, D) where D is a Cartier algebra, see section 2 of [2] for a more in-depth look at the basic notions of a Cartier subalgebra. Our main tool will be Proposition 3.3 in order to establish a uniform convergence result and the desired lower semi-continuity.
. We call C R the (total) Cartier algebra of R. Note that with the multiplication defined on homogenous elements of C R makes C R a noncommutative F p -algebra. Even though the 0th graded piece of
Suppose that (R, m, k) is a local ring and D a Cartier subalgebra of R. Suppose that Lemma 6.1. Let (R, m, k) be a local F-finite ring and D a Cartier subalgebra and let q, q 1 , q 2 be various powers of p and ϕ ∈ D q 1 . Then
Let (R, m, k) be local and D a Cartier subalgebra. Set Γ D to be the semigroup {q | a Suppose that R is F-finite and not necessarily local. Let D be a Cartier algebra of R. Suppose that S ⊆ R is a multiplicatively closed set. Since R is F-finite,
Therefore there is a naturally induced Cartier subalgebra
If P ∈ Spec (R) and s ∈ R we write D P and D s for the induced Cartier subalgebra of R P and R s respectively. For each P ∈ Spec (R) let a q (P, D) be the qth F-splitting number of (R P , D P ), s q (P, D) = a q (P, D)/q α(P )+ht (P ) , and let
as q ∈ Γ D → ∞ as a limit of functions. For each q and P ∈ Spec (R), let
The remark follows from the assumption that if ϕ ∈ D q 1 and ψ ∈ D q 2 , then ψ • F q 2 * ϕ ∈ D q 1 q 2 . Our first goal will to be establish a version of Corollary 2.3 for a pair (R, D) when R is an F-finite domain. If R is a not necessarily local F-finite domain and D a Cartier subalgebra, we let Γ D = Γ D 0 . We will now only be interested in containments of R-modules
when q ∈ Γ D . Not only will we need to know that for each q ∈ Γ D that a prime filtration of R 1/q ⊆ R q γ(R) has only finitely many prime factors up to isomorphism and such prime factors only appears a controlled number of times, but we will need that each of the following q
− → R, where π i is the projection onto the ith factor.
Lemma 6.3. Let R be an F-finite domain and D a Cartier subalgebra. There exists a finite set of nonzero primes S(R, D) and a constant C such that for every q ∈ Γ D , (1) there is a containment of R-modules R 1/q ⊆ R q γ(R) which is an element of D q γ(R) q , (2) which has a prime filtration whose prime factors are isomorphic to R/P , where P ∈ S(R, D), (3) and for each P ∈ S(R, D), the prime factor R/P appears no more than Cq γ(R) times in the prime filtration of the containment
Proof. Let Γ D be generated by Λ D = {q 1 , ..., q m } as a semigroup. For each q i ∈ Λ D we can
which is an element of D
which is an isomorphism when localized at 0. To see this, let W = R − 0 and q ∈ Λ D so that R
For each q ∈ Λ D we consider a prime filtration of
i where e i ∈ N. We show by induction on e i that for each q ∈ Γ D there is a containment of R-modules
, which has a prime filtration whose prime factors are isomorphic to R/P , where P ∈ S(R, D), and such a prime factor appears no more than
times in the filtration. This trivially holds for e i = 1.
i with e i > 1. Without loss of generality we may suppose that e 1 ≥ 1 so that
, each N j /N i−j ≃ R/P j for some P j ∈ S(R, D), and such a prime factor appears no more than
has a prime filtration with prime factors R/P j with P j ∈ S(R, D) and such a prime factor appears no mare than
) times in the filtration.
Furthermore, the prime filtration
gives the following filtration of 
whose prime factors come from S(R/P q 1 ,i ) and such a prime factor appears no more than C i q γ(R/P q 1 ,i ) ≤ C ′ q γ(R)−1 times in the filtration. Putting all of this information together we get an embedding R 1/q ⊆ R q γ(R) , which is an element of D q γ(R) q by Remark 6.2, with a prime filtration whose prime factors come from S(R, D), and such a prime factor appears no more than the following number in the filtration,
Enescu and Yao showed that a q (P, C ) : Spec (R) → R, hence s q (P, C ), is lower semicontinuous on an F-finite ring which is locally equidimensional, (Corollary 2.5, [5] ). We provide a very similar proof that shows a q (P, D), hence s q (P, D), is a lower semicontinuous function for any Cartier subalgebra D whenever R is locally equidimensional. It is well known that a function f : X → R, X a topological space, is lower semi-continuous if and only if for each r ∈ R the sets f
Lower semi-continuity is a local condition. We may assume R P , hence R is reduced, else a q (P, D) = 0 and a q (−, D) is trivially lower semi-continuous at P . Suppose that q ∈ Γ D , r ∈ R, and let P ∈ {Q ∈ Spec (R) | a q (Q, D) > r}. Then R 1/q P ≃ R aq(P,D) P M P is such that each of the a q (P, D) projections R 1/q P → R P is an element of (D P ) q . It follows that there is an s ∈ R − P such that R Consider the following condition we could impose on a Cartier subalgebra D. Suppose R is an F-finite domain and D a Cartier subalgebra. Then r ∈ I D q (P ) if and only if ϕ(r 1/q ) ∈ P R P for all ϕ ∈ D q ⊆ Hom R (R 1/q , R). Thus to impose condition (1) is to impose that for each r ∈ I D q (P ) that ψ(r 1/q ) ∈ P R P for all ψ ∈ D qp ⊆ Hom R (R 1/qp , R).
This condition is seen to be satisfied if for each ψ ∈ D qp we require ϕ • i ∈ D q where i is the natural inclusion R 1/q ⊆ R 1/qp . Theorem 6.4. Let R be an F-finite domain and D a Cartier subalgebra of R. Then the Fsignature function which sends P ∈ Spec (R) to s(P, D) is lower semi-continuous. Moreover, if the the Cartier subalgebra satisfies (1), then the function s q (P, D) converges uniformly to the F-signature function s(P, D) as q ∈ Γ D → ∞.
Proof. Let C, S(R) be as in Lemma 6.3. Let q 1 ∈ Γ D so that D q 1 = 0. Let S(q 1 ) be the cokernel of R 1/q 1 → R q γ(R) 1
. Therefore we have the following short exact sequences
By Remark 6.2 we have exact sequences ≤ λ(S(q 1 ) P ) ≤ λ S(q 1 ) P I D q 2 (P )S(q 1 ) P ≤ λ S(q 1 ) P P [q 2 ] S(q 1 ) P .
By Proposition 3.3 there is a constant C 1 , independent of P, q 2 , such that Letting q 1 → ∞, and relabeling constants, shows that there is a constant C, independent of P, q such that
To see that s(−, D) is lower semi-continuous at P ∈ Spec (R) we may assume s(P, D) > 0, else s(−, D) is trivially lower semi-continuous. Thus we may assume that R P is a strongly F-regular domain. In particular, s(−, D) is the limit of lower semicontinuous functions in an open neighborhood of P . Thus the lower semicontinuity of the s q (−, D) will now imply the lower semicontinuity of s(−, D) since there is a constant C independent of Q ∈ Spec (R) such that s q (Q, D) − s(Q, D) < C q . Observe that up to this point in the proof we have not used the assumption that the Cartier subalgebra D satisfies condition (1) .
21
Now assume that the Cartier subalgebra D satisfies condition (1) . Let C and S(R) be as in Lemma 2.2 applied to the F-finite domain R. Let S(q 1 ) be the cokernels of the inclusions Observe that by part (2) We can now proceed as before to get a constant C independent of P and q such that
Hence there is a constant C independent of P ∈ Spec (R) such that |s(P, D)−s q (P, D)| < C q , which implies s q (−, D) converges uniformly to s(−, D).
